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Observe that the carrying capacity K(x; t), containing
the most direct eect of the environment on the mouse
population, is allowed, in our model, a spatial and a tem-
poral variation, to accommodate for a diversity of habi-
tats and temporal phenomena. The latter comprise the
yearly variation due to seasonality, but also sporadic uc-
tuations such as droughts and El Ni~no eects.
The sum of the two equations (1)-(2) reduces to a single












This is Fisher's equation, originally proposed as a de-
terministic model of the spread of a favored gene in a
population [12], and which eventually became a standard
model for a self regulated eld in a diversity of situations
[11, 13].
In Ref. [7] it was shown that, as a function of K, the
system undergoes a bifurcation between a stable state
with only susceptible mice (and M
I
= 0) to a stable
state with both positive populations. The value of the
critical carrying capacity is a function of the parameters







This critical value does not depend on D, and the same
bifurcation is observed either in a space-independent sys-
tem (D = 0) or in a homogeneous extended one in the
presence of diusion. In an inhomogeneous situation, for
moderate values of the diusion coeÆcient, the infected
subpopulation remains restricted to those places where
K > K
c
, becoming extinct in the rest. During times of
adverse environmental conditions, these regions become
isolated and constitute the observed refugia. Figure 1
shows a typical situation of this phenomenon. A simu-
lated, albeit realistic, landscape ofK(x) has been derived
from satellite images in Northern Patagonia. The carry-
ing capacity is supposed proportional to the vegetation
cover, and results highest along a river, clearly inferred
from the density plots. These show the distribution of
the populations of susceptible and infected mice. It can
be seen that susceptible mice cover most of the range.
Meanwhile, the infected population has become extinct
in most of it, and persists only in some of the places of
highest K. The distributions shown in Fig. 1 constitute a
stable equilibrium of the system, found by numerical res-
olution of Eqs. (1)-(2) from an arbitrary initial condition,





 9.45  --  10.5
 8.40  --  9.45
 7.35  --  8.40
 6.30  --  7.35
 5.25  --  6.30
 4.20  --  5.25
 3.15  --  4.20
 2.10  --  3.15
 1.05  --  2.10





 3.6  --  4.0
 3.2  --  3.6
 2.8  --  3.2
 2.4  --  2.8
 2.0  --  2.4
 1.6  --  2.0
 1.2  --  1.6
 0.8  --  1.2
 0.4  --  0.8
 0.0  --  0.4
FIG. 1: Density plots showing characteristic distribution of
susceptible and infected mice in an inhomogeneous landscape,
where the carrying capacity has been modeled according to
the vegetation, derived from satellite imagery.
III. TRAVELING WAVES
When conditions in the landscape change, how do the
infected phase evolve from the refugia, retracting from
or, more importantly, invading previously uninfected re-
gions? this is the primary question we address in the
present paper. Fisher's equation (3) has found wide ap-
plicability for the description of the formation and prop-
agation of spatio-temporal patterns. Traveling wave so-
lutions of Fisher's equation paradigmatically show how
a stable phase invades an unstable one in the form of a
front propagating at a certain speed.
There is no reason to suppose a priori that the two
waves, susceptible and infective, will travel at the same
speed. Accordingly, we use an ansatz which incorporates









t in Eq. (2). This gives
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FIG. 3: Delay of the infected front, as a function of time,
following an initial condition as described in the text. Two
regimes are shown: K
c





by the critical case K = K
0









the parameters of the system (Eqs. (12)-(13)) indicates





front of infection lags behind the front of susceptible at a





Elementary manipulation of Eqs. (12) and (13) shows
that this occurs whenever the carrying capacity satises:
K
c








is a new critical carrying capacity. At K = K
0
the delay becomes eectively constant. For values of
K greater than K
0










. This regime is clearly unphysical in a station-
ary situation, since the front of susceptible necessarily
precedes the infected one. It could be realizable and rel-
evant in transient situations, that will be analyzed else-





and the delay tends to a constant
value, whenever K > K
0
. Figure 3 shows the temporal





, as well as in the critical case K = K
0
, where
it is seen to increase as   t
1=4
. It can be seen that
there is a transient time in both regimes, that gets pro-








= v, it is possible
to perform a piecewise linearization of Eqs. (5)-(6) and
nd an approximate analytical expression for the front
shapes shown in Fig. 2b and, consequently, for the delay
 in the stationary state. The details of the calculation
can be found in the Appendix. The main result is the
following expression for the delay, for the case of equal











 a = 0.05
 a = 0.1





b = 1.0 c = 0.5 D = 1.0










FIG. 4: Delay of the infected front, as a function of K.


















are complex numbers of unit modulus
that depend on a, b and c, so that the logarithm is ef-








tend to  and
0 respectively, so that the following critical behavior is











We have analyzed the dependence of  on K by means
of numerical resolution of the full system. In Fig. 4 we
plot the asymptotic value of  as a function of K  K
0









for values of K immediately above K
0
. The exponent 
is parameter-independent, and its value, calculated from
the simulations is, approximately 0:388. There is a dis-
crepancy in the exponent found numerically in the fully
nonlinear system and the one found in the linearized ap-
proximation, which shows the limitation of the linearized
solution.
This critical behavior of the delay persists while the
wavefronts are of the kind shown in Fig. 2b. However, if
K continues to grow the equilibrium value of the infected
population turns greater than the equilibrium value of
the susceptible. There is a gradual crossover to a sit-
uation where most of the population becomes infected.
The value of the carrying capacity at which this happens














5Indeed, the numerical results show that the power law
decay of the delay as a function of K starts to atten for
values of K > K
1






of K are probably unrealistic in the arid and semi-arid
habitats of the Southwest. It is nevertheless interesting
to point out that the interaction of the two fronts in this
regime results in an increase of the delay as a function
of K. This increase is also algebraic:





with   0:16, as found in the numerical calculations.
IV. CONCLUSION
We have analyzed the propagation of traveling fronts
in 1 dimension in a simple model of the ecology and epi-
demiology of the Hantavirus in deer mouse. We have
found that, when a mouse-free region is in contact with
an infected region in equilibrium, two waves propagate
into the empty region. The rst one is a wave of sus-
ceptible mice. A wave of infected mice propagates be-
hind it with a certain delay. Two regimes of propagation
exist, controlled by the environmental parameter K. If
K
c
< K < K
0
, the lag between the two fronts increase
linearly in time. Conversely, if K > K
0
, the two fronts
propagate at the same speed and the delay depends crit-
ically on the dierence K  K
0
.
The occurrence of this double regime may be of rele-
vance for the control of the propagation of an epidemic
wave. Indeed, the controlled reduction of K ahead of a
propagating wave seems the most eective mean of stop-
ping or reducing its advance. Ideally, the carrying capac-
ity should be reduced below K
0
, to ensure the complete
extinction of the infection. However, if such a reduction





ternative: a reduction of the carrying capacity below K
0
would make the wave of infection start to lag more and
more behind the wave of healthy mice. Possible imple-
mentations of these strategies, based on the propagation
of waves in the presence of \barriers," will be analyzed
in detail elsewhere.
The existence of dynamical phenomena such as these
traveling fronts also opens the interesting possibility of
subjecting our predictions to experimental verication.
Controlled experiments of front propagation could be
possible in the Sevilleta LTER facility, that the Univer-
sity of New Mexico operates near Socorro, NM [15]. Mea-
surements of uncontrolled mice populations along lines
radiating from the refugia of infection will also provide
evidence of the propagation mechanisms. The observa-
tion of these in real mice population will provide a valu-
able source of data to assign realistic values to the pa-
rameters of the mathematical model.
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V. APPENDIX: LINEARIZED SOLUTIONS
For the purpose of nding approximate solutions of the
waves proles, it is better to replace the system (5)-(6)
























where q(M (z)) =  c+aM (z) M (z)=K and both speeds
are assumed equal, as observed in numerical resolutions
for the regime K > K
0
. Primes denote dierentiation
with respect to z. The reason for using this system is
that the equation for M (z), Eq. (20), being closed, can
be solved independently of M
I
. Its solution can be used




Linearized solutions for the traveling waves of Fisher's
equation (20) are well known, and essentially consist
of two exponentials, matched smoothly at z = 0, rep-
resenting a front that travels to the right at a speed
v  2
p
D(b   c). Such a function needs a further sim-
plication in order to solve Eq. (21). We approximate
M (z) with a step function discontinuous at z = 0:
M (z) = M

= K(b   c) if z < 0 and M (z) = 0 if z > 0.




if z < 0 and q(z) =  c if z > 0. We also linearize on both






 as the delay between the two waves. Figure 5 shows
the geometry of the procedure. The linearized equation
for M
I

































= 0 if 0 < z: (24)





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































7Dunnum, Emerging Infectious Diseases 5, 118 (1999).
[7] G. Abramson and V. M. Kenkre, arXiv.org e-Print
archive, preprint arXiv:physics/0202035 (2002).
[8] L. F. Stickel, in Biology of Peromyscus (Rodentia), J. A.
King (editor) (The American Society of Mammalogists,
Special publication No. 2, 1968)
[9] S. H. Vessey, American Zoologist 27, 879 (1987).
[10] C. R. Terman, in Biology of Peromyscus (Rodentia), J.
A. King (editor) (The American Society of Mammalo-
gists, Special publication No. 2, 1968)
[11] J. D. Murray, Mathematical Biology, 2nd ed. (Springer,
New York, 1993).
[12] R. A. Fisher, Ann. Eugen. 7, 355 (1936).
[13] G. Abramson, A. R. Bishop, and V. M. Kenkre, Physical
Review E 64, 066615 (2001).
[14] S. K. Morgan Ernest, J. H. Brown and R. R. Parmenter,
Oikos 88, 470 (2000).
[15] Sevilleta Long-Term Ecological Research Program
(LTER), http://sevilleta.unm.edu.
